After the discovery of a Higgs-like boson by the LHC experiments ATLAS and CMS, it is of crucial importance to determine its properties in order to not only identify it as the boson responsible for electroweak symmetry breaking but also to clarify the question if it is a Standard Model (SM) Higgs boson or the Higgs particle of some extension beyond the SM as e.g. supersymmetry. In this context, the precise prediction of the Higgs parameters as masses and couplings plays a crucial role for the proper distinction between different models. In extension of previous works on the loop-corrected Higgs boson masses of the Next-to-Minimal Supersymmetric Extension of the SM (NMSSM), we present here the calculation of the loop-corrected trilinear NMSSM Higgs self-couplings. The loop corrections turn out to have a substantial impact on the decay widths of Higgs-to-Higgs decays and on the production cross section of Higgs pairs via gluon fusion. They are therefore indispensable for the correct interpretation of the experimental Higgs results.
Introduction
In 2012 the Large Hadron Collider (LHC) experiments ATLAS and CMS announced the discovery of a new scalar particle [1, 2] . Since then experimental and theoretical activities have started to pin down the true nature of this particle. It has to be clarified if the particle is really the Higgs boson, i.e. the particle responsible for electroweak symmetry breaking (EWSB) without violating the gauge principles of the Standard Model (SM). And if so, whether it is the Higgs boson of the SM or one of an enlarged supersymmetric (SUSY) Higgs sector or some more exotic version of the Higgs particle, like e.g. a composite object. To this aim, the coupling strengths of the new particle to the other SM particles, its spin and CP-properties and finally its trilinear and quartic self-couplings have to be measured. While the absolute coupling values are not accessible at the LHC, fits can be performed to the measured signal strengths in the various Higgs search channels [3] . The Higgs spin and CP quantum numbers can be extracted from angular and threshold distributions in various Higgs production and decay channels [4] . The trilinear and quartic Higgs self-interactions finally are in principle accessible in double and triple Higgs production [5] [6] [7] [8] [9] . The knowledge of these couplings enables the reconstruction of the Higgs potential and allows to test if it has a non-vanishing vacuum expectation value (VEV) as required by the Higgs mechanism. This challenging experimental program necessitates on the theoretical side the precise prediction of production and decay cross sections in the model under consideration, in order to be able to interpret the experimental data correctly and to distinguish between different models. The cross sections have therefore to be evaluated including higher order corrections. However, not only these, but also the input parameters like masses and couplings have to be predicted with highest possible precision. It is well known e.g. that in the Minimal Supersymmetric extension of the SM (MSSM) the lightest Higgs boson mass is shifted beyond the theoretical tree-level bound of the Z boson mass only through the inclusion of higher-order corrections [10] . In this work we contribute to increasing the accuracy in the prediction of the Higgs parameters of the Next-to-Minimal Supersymmetric extension of the SM (NMSSM) [11] [12] [13] . We calculate the one-loop corrections to the trilinear Higgs self-couplings of the NMSSM Higgs bosons in the Feynman-diagrammatic approach, after having provided in previous works the one-loop corrections to the masses [14, 15] .
The Higgs sector of the NMSSM consists of two complex Higgs doublets H u and H d and an additional complex singlet field S. The singlet field couples to the MSSM Higgs doublets through the interaction term λS(H u ǫH d ). This allows for a dynamical solution of the µ problem [16] when the neutral component of the singlet field acquires its VEV. Moreover, the NMSSM requires less fine-tuning than the MSSM in order to comply with the LHC discovery of a Higgs boson with mass around 125 GeV [17] . New contributions proportional to the quartic coupling increase the tree-level mass value of the lightest Higgs boson, so that compared to the MSSM less important radiative mass corrections are necessary to shift the tree-level mass value to the observed 125 GeV. This in turn allows for lighter stop masses and hence less fine-tuning. After EWSB we are left with seven Higgs bosons, which are in the CP-conserving NMSSM three neutral CP-even, two neutral CP-odd and two charged Higgs bosons. The enlarged Higgs sector leads to interesting phenomenological implications. Thus the SM-like Higgs boson, which is compatible with the LHC Higgs searches, can in general be either of the three neutral CP-even Higgs bosons. Most scenarios, however, which are in accordance with the experimental constraints, feature the lightest or the next-to-lightest CP-even Higgs boson as the SM-like 125 GeV boson. Furthermore, the admixture of the singlet field can suppress the Higgs couplings to the other SM particles, so that light Higgs states may have escaped detection at Tevatron, LEP and LHC. The presence of light Higgs bosons entails possible new Higgs-to-Higgs decays such as e.g. the decay of a SM-like scalar Higgs boson into a pair of lighter pseudoscalars. From this discussion it becomes clear that the precise knowledge of the Higgs boson masses and couplings is inevitable to properly describe the Higgs phenomenology. It is needed to reanalyse and interpret correctly the LHC search results in the light of a possible NMSSM extension of the SM.
While in the MSSM the higher-order corrections to the Higgs boson masses have been calculated up to the inclusion of the leading contributions from three-loop order [10] , the higher-order corrections to the NMSSM Higgs boson masses have not reached the same level of accuracy. For the CP conserving NMSSM the following corrections are available. In the effective potential approach the leading one-loop (s)top and (s)bottom contributions have been calculated [18] . The chargino, neutralino and scalar one-loop contributions are available at leading logarithmic accuracy [19] . The full one-loop contributions have been given in the DR renormalisation scheme in Ref. [20, 21] , the O(α t α s + α b α s ) corrections in the approximation of zero external momentum in Ref. [20] . In addition, we have provided the full one-loop corrections in a mixed DR-on-shell and in a pure on-shell renormalisation scheme [14] . As for the CP-violating NMSSM, CP-violating effects from the third generation squark sector, from the charged particle loops and from gauge boson contributions have been provided in the effective potential approach at one-loop level [22] [23] [24] . The full one-loop and logarithmically enhanced two-loop effects are available in the renormalisation group improved approach [25] . This has been complemented by the full one-loop corrections in the Feynman diagrammatic approach [15] .
Both Higgs boson masses and Higgs self-interactions arise from the Higgs potential. They cannot be separated from each other. In order to consistently describe the Higgs sector including higherorder corrections, it is therefore not sufficient to only correct the Higgs boson masses. The trilinear and quartic Higgs self-interactions have to be evaluated at the same order in perturbation theory and within the same renormalisation scheme as the Higgs boson masses to allow for a consistent description of the Higgs boson phenomenology. While the phenomenology involving quartic Higgs self-couplings is most probably outside the reach of existing and future colliders, the trilinear Higgs self-couplings play a role in the determination of the Higgs boson branching ratios into SM particles, in the evaluation of Higgs-to-Higgs decays and in Higgs pair production processes. In this work we calculate the one-loop corrections to the trilinear Higgs self-couplings of the CP-conserving NMSSM in the Feynman-diagrammatic approach. We apply the mixed DR-on-shell renormalisation scheme, which has been introduced in Ref. [14] for the one-loop corrections to the Higgs boson masses, and we study the phenomenological implications of these corrections.
The outline of our paper is as follows. In section 2 we briefly describe the loop corrections to the Higgs boson masses. We use this section to set up our notation, present details of the calculation of the Higgs mass corrections and introduce the renormalisation scheme. In contrast to our previous calculation [14] we also add leading two-loop contributions which have been taken over from Ref. [20] . Section 3 contains the calculation of the loop-corrected trilinear Higgs selfcouplings. Section 4 is devoted to our numerical analysis. We first define in subsection 4.1 our input parameters and describe the constraints which we apply. In particular we seek a Higgs boson with mass around 125 GeV that is compatible with the LHC results for the signal strengths in the various final states, while making sure that the remaining Higgs mass spectrum has not been excluded yet. In subsection 4.2 we discuss the effective trilinear Higgs couplings before we present in subsection 4.3 our results on Higgs-to-Higgs decays. Subsection 4.4 is devoted to the discussion of the effects of loop corrections to the trilinear Higgs self-couplings on Higgs pair production processes at the LHC. We conclude in section 5. In the Appendix A we list the tree-level trilinear Higgs couplings.
The loop-corrected Higgs boson masses
In this section we summarise the calculation of the loop corrections to the NMSSM Higgs boson masses. Since at one-loop order we apply the same procedure as in our previous publication [14] we repeat here only the main features for the purpose of setting up the notation and of introducing the renormalisation scheme. For details we refer the reader to Ref. [14] .
We work in the framework of the NMSSM with a scale invariant superpotential. The Higgs mass matrix is derived from the corresponding NMSSM Higgs potential, which is obtained from the superpotential W N M SSM of the NMSSM, the soft SUSY breaking terms and the D-term contributions. In terms of the Higgs doublet superfieldsĤ u andĤ d , which couple to the up-and down-type fermion superfields, respectively, and of the singlet superfieldŜ, the superpotential is given by
The indices of the SU (2) L fundamental representation are denoted by i, j = 1, 2, and ǫ ij is the totally antisymmetric tensor with ǫ 12 = ǫ 12 = 1. The dimensionless parameters λ and κ are taken to be real as we assume CP conservation. The MSSM superpotential W M SSM reads in terms of the quark and lepton superfields and their charge conjugate (denoted by the superscript c),
For simplicity colour and generation indices have been suppressed. Following common NMSSM constructions we have assumed the MSSM µ term to be zero and also terms linear and quadratic inŜ. The NMSSM soft SUSY breaking Lagrangian expressed in terms of the component fields
It contains the soft SUSY breaking MSSM contribution 
into the Higgs potential V H , which expressed in terms of the Higgs component fields reads,
we have
with i, j, k = d, u, s. Equation (7) contains the tadpole coefficients t h i of the terms linear in the Higgs fields h i , the mass matrices squared and the trilinear Higgs self-interactions. The constant terms are summarised in V const H and the quartic Higgs interactions in V 4φ H . They are not specified here as they are not needed for our calculation. The 3 × 3 mass matrices squared for the neutral CP-even and CP-odd Higgs sector, respectively, are denoted by M 2 S and M 2 a , the 2×2 charged Higgs mass matrix squared by M 2 C and the trilinear Higgs self-couplings by λ φφ ′ φ ′′ ijk . Explicit expressions for the couplings are given in Appendix A. Performing a first rotation of the CP-odd fields (a d , a u , a s ),
allows to separate a massless Goldstone boson G and yields the pseudoscalar mass matrix squared
Here and in the following we adopt the shorthand notation c x ≡ cos x, s x ≡ sin x. At tree-level the angle β n coincides with the angle β defined by the ratio of the two VEVs v u and
Explicit expressions for the scalar and pseudoscalar mass matrices squared M 2 S and M 2 P as well as for the tadpole parameters can be found in [14] , and for the charged Higgs mass matrix M C in [15] . The CP-even Higgs mass eigenstates h m (m = 1, 2, 3) are obtained via the diagonalisation of the mass mixing matrix squared M 2 S by an orthogonal transformation,
The mass eigenstates are ordered by ascending mass with m h 1 ≤ m h 2 ≤ m h 3 . The CP-odd mass eigenstates a i ≡ a 1 , a 2 , G (i = 1, 2, 3) are obtained via an orthogonal rotation R P applied to
yielding the diagonal mass matrix squared
Note that at tree-level R P 33 = 1 and R P 3i = R P i3 = 0 for i = 3. At lowest order, the Higgs potential is determined by a set of twelve parameters consisting of the electroweak gauge couplings g 1 and g 2 , the three VEVs, the soft SUSY breaking mass parameters of the doublet and singlet Higgs fields and the new NMSSM related parameters and soft SUSY breaking couplings, hence
For physical interpretations it is convenient to replace some of these parameters. Thus the minimisation conditions of the Higgs potential V can be exploited to trade m 2
, m 2 Hu and m 2 S for the tadpole parameters t h d , t hu and t hs . The charged Higgs boson mass M H ± is used instead of the soft SUSY breaking coupling A λ and the parameters g 1 , g 2 , v u and v d are replaced by the gauge boson masses M W and M Z , the electric charge e and tan β. We are then left with the 'physical' parameter set
The tree-level relations between the two parameter sets of Eq. (13) and Eq. (14) can be found in [14] . Note that although the three tadpole parameters vanish at the stable minimum of the potential, they have been kept for the purpose of renormalisation at loop level. The terms linear in the Higgs fields get loop contributions at higher order, and the tadpole parameters are renormalised such that the conditions of a stable minimum are fulfilled by the Higgs potential.
The calculation of the loop corrections to the Higgs boson masses and decays leads to ultraviolet divergences which can be absorbed by the renormalisation of the parameters entering the loop calculation. We choose here the mixed renormalisation scheme proposed in [14] . In this scheme part of the parameters are renormalised in the on-shell (OS) scheme, the remaining ones via DR conditions. We slightly abuse the term on-shell condition as we apply it also for the renormalisation conditions of the tadpole parameters. In detail we have,
The corresponding counterterms are given explicitly in Ref. [14] . The only difference consists in the electric charge e where we use the fine structure constant at the Z boson mass M Z , α = α(M Z ), as an input in order to make the results independent of ln m f from the light fermions, f = t. The counterterm δZ e of e is therefore modified as [26] δZ
where the transverse part of the photon self-energy Σ AA T includes only the light fermion contributions. For the Higgs field wave functions we also use the DR scheme.
The loop-corrected Higgs masses squared are determined numerically. They are given as the zeros of the determinant of the two-point vertex functions for the scalars,Γ S (p 2 ), and the pseudoscalars,Γ P (p 2 ), respectively. For the scalar bosons it readŝ
and for the pseudoscalar Higgs bosonŝ
ByΣ we denote the renormalised self-energy built from the unrenormalised self-energy and tadpole contributions evaluated at one-loop order and the counterterms in the mixed renormalisation scheme. They are functions of the external momentum squared p 2 . We furthermore included twoloop corrections, as will be explained below. The masses squared m 2
) are taken at tree-level as indicated by the small letter m for the mass. Note that we have not taken into account the mixing of the pseudoscalars a 1 and a 2 with the Goldstone boson G and the longitudinal component of the Z boson, as we have checked explicitly that this mixing gives negligible contributions to the one-loop corrected Higgs boson masses. However, the mixing is taken into account in the computation of the loop corrections to the Higgs boson decays into two lighter Higgs bosons. The mass eigenvalues are obtained in an iterative procedure. For example, in order to get the lightest CP-even Higgs mass, in the first step the external momentum squared p 2 is set equal to the h 1 tree-level mass. The mass matrix squared is then diagonalised and the thus obtained lightest mass eigenvalue is reinserted into the self-energies, to calculate the mass eigenvalue in the next iteration. This procedure is repeated until the difference in the mass eigenvalue of two subsequent iterations is less than 10 −10 GeV. The eigenvalues are in general complex, and the loop corrected Higgs boson masses are given by the real part. They are sorted by ascending mass, as
We denote the loop-corrected masses by capital letters,
the tree-level masses with small letters.
As indicated above, in order to improve the loop-corrected Higgs boson masses, we have included in the mass matricesM 2 [20] , which have been evaluated in the limit of zero external momentum. In this calculation the DR renormalisation scheme has been applied in the (s)top and (s)bottom sectors. Therefore, in order to use these corrections consistently, we use the running DR top and bottom quark masses in the evaluation of the one-loop renormalised self-energies. Using as input the top quark pole mass M t , we first translate it to the running MS top mass m MS t (M t ) by applying the two-loop relation, see e.g. [27] and references therein,
where α s is the strong coupling constant evaluated at two-loop order. As for the bottom quark mass input, it is already given as an MS mass at the scale m MS b . Both m MS t (M t ) and m MS b (m MS b ) are then evolved up to the renormalisation scale µ R , by using the two-loop formula
where the evolution factor U n reads (see e.g. [28] )
with n being the number of active quark flavors (n = 5 for m MS b (m MS b ) < Q ≤ M t and n = 6 for Q > M t ). From the MS masses the DR masses are computed by using the two-loop relation [29] ,
In addition, the possibly large supersymmetric corrections are resummed into the effective top and bottom quark masses [28, [30] [31] [32] ,
where
with the effective µ-parameter µ eff ≡ λv s / √ 2, the Yukawa couplings
and with the auxiliary function
3 Loop-Corrected Higgs-to-Higgs Decays
In this section we present the calculation of the loop-corrected partial decay widths of all kinematically allowed Higgs boson decays into two lighter Higgs bosons,
The two-body decay width of a scalar a decaying into two scalars b and c is given by
where R = 1/2! for two identical final state particles and R = 1 otherwise. The decay amplitude is denoted by M a→bc and
In order to calculate the decay amplitude at one-loop order, one has to take into account that not only the masses of the Higgs bosons receive corrections, but also the fields themselves are affected. In the DR scheme, which we are using for the Higgs field renormalisation, the residue of the Higgs boson propagators is not equal to one so that finite wave-function renormalisation factors Z have to be taken into account in order to ensure the on-shell properties of external Higgs bosons [33, 34] . The transformation of the interaction states h u , h d , h s and a, a s , respectively, to the loop-corrected mass eigenstates, which we denote by capital letters, H 1 , H 2 , H 3 and A 1 , A 2 , is then performed by radiatively corrected transformation matrices for the scalar and pseudoscalar sector, R S,l , R P,l , which are given by
They are built up by the finite scalar and pseudoscalar wave-function renormalisation factors, Z S and Z P , and by the respective rotation matrix R S , R P , performing the rotation from the interaction states to the mass eigenstates at tree-level, as defined in Eq. (10) and Eq. (11). Hence, for the scalar case, the indices correspond in ascending order to the following Higgs entries:
And for the pseudoscalar case:
The wave-function renormalisation factor matrices are given by [35] 
for the scalar Higgs bosons and by
for the pseudoscalar sector, witĥ
for CP-even Higgs bosons i, j = H 1 , H 2 , H 3 and for CP-odd Higgs bosons i, j = A 1 , A 2 . The diagonal ∆ ii and the off-diagonal ∆ ij are given by the matrix elements of the two-point vertex function matrices for the scalars,Γ S , Eq. (17), and the pseudoscalars,Γ P , Eq. (18), as
The prime in Eq. (37) denotes the derivative with respect to p 2 . Note also that at one-loop order the complex eigenvalues of the loop-corrected two-point vertex functions are used in the evaluation of the wave function renormalisation factors, i.e. M i in Eq. (37) includes also imaginary parts. The mixing matrix elements in this approach therefore include the full momentum dependence and imaginary parts of the one-loop Higgs boson self-energies. The evaluation of the wave function renormalisation factors at zero external momentum, p 2 = 0, which correspond to the result in the effective potential approximation, on the other hand leads to a unitary mixing matrix.
With these definitions, the amplitudes of Higgs boson decays at higher order can then be written as follows (i, j, k = 1, 2, 3, l, m = 1, 2)
where The three-point functions are given by loops over scalars, gauge bosons, fermions as well as ghost particles (η = η Z , η W ± ), see second and third row of Fig. 1 . In addition to these diagrams the counterterms to the tree-level Higgs couplings are included in δM 1PI .
The δM G,Zmix a→bc stands for the sum of the contributions from the mixing of the CP-odd Higgs boson with the Goldstone (G) boson and with the Z boson, respectively. We use tree-level masses for the Higgs bosons in the loops in order to ensure the proper cancellation of the UV-divergent pieces. But we use the loop-corrected Higgs boson masses for the external particles in the evaluation of the wave-function renormalisation factors, amplitudes and decay widths. While this does not affect the UV-finite property of these quantities, the use of the loop-corrected Higgs boson masses 
where (i = 1, 2, 3)
the renormalised self-energies and m a l and m h i the CP-odd and CP-even tree-level Higgs boson masses. The rotation matrices R S and R P have been defined in Eq. (10) and Eq. (11), respectively. By δ tan β we denote the counterterm of tan β and by δZ a l G the wave function counterterms. We have computed these identities using the same method as in Ref. [36] and checked them numerically at arbitrary momentum. We use them to test gauge invariance by applying the general R ξ gauge for the propagators of the exchanged Z and Goldstone bosons. When p 2 is set equal to the loopcorrected mass squared, the right-hand side of Eq. (42) does not vanish any more and we therefore get a contribution to the amplitude from the mixing of the pseudoscalar bosons with the Z and the Goldstone boson, which depends on the gauge fixing parameters. In order to get a gauge invariant amplitude, one can use the tree-level masses for the CP-odd Higgs bosons in the A l Z and A l G mixing diagrams, which has been applied in [35, 37] . Alternatively, one can use the loop-corrected masses for the external particles also in these contributions, which are then computed in the unitary gauge. We have applied both methods. The difference between the two results is of higher order. In the end the A l Z and A l G mixing contributions are small compared to the remaining contributions to the decay amplitude.
For the determination of the loop-corrected Higgs boson masses, mixings and trilinear Higgs boson self-couplings two independent calculations have been performed. While in both calculations the necessary model file was created using the program Sarah [38] , one of them is based on a Fortran code that uses FeynArts-3.6 [39] to generate the Feynman diagrams, the other one uses FeynArts-3.5. In both calculations the amplitudes are evaluated with FormCalc-6.1 [40] , and the numerical evaluation of the loop-integrals is performed with the program LoopTools [40] . The required counterterms of the Higgs boson sector are supplied by two independent Mathematica programs, which determine these in the course of the calculation of the loop-corrected masses of the neutral Higgs bosons.
Numerical Analysis

Input Parameters and Constraints
In our numerical analysis, we use the following SM parameters [41, 42] 
The running strong coupling constant α s is evaluated at two-loop order in the calculation of the loop-corrected NMSSM Higgs boson masses and of the Higgs pair production cross sections. The top quark pole mass (M t ) and the MS bottom quark mass will be used to compute the running quark masses at the renormalisation scale µ R = M SUSY , as described at the end of Section 2. 
Concerning the NMSSM sector, we set the soft SUSY breaking masses and trilinear couplings of the third generation and the gaugino mass parameters as follows
The soft SUSY breaking masses and trilinear couplings of the first and second generations also only slightly affect our results and have been set to
These values guarantee a supersymmetric particle spectrum which is in accordance with present LHC searches for SUSY particles [43] .
Over the remaining NMSSM parameters we perform a scan with the following restrictions: The SUSY mass scale M SUSY which controls the soft SUSY breaking masses of the third generation is chosen such that we can have light stop and sbottom masses which are still in accordance with the LHC exclusion limits [44] . We vary it as
This leads to stop and sbottom masses of
655 GeV ≤ Mb
The value of tan β is chosen as
Low values of tan β allow to maximize the tree-level mass of the lightest Higgs boson so that the Higgs mass corrections which are governed by the stop sector can be kept small enough to avoid large fine-tuning [45, 46] . Also the effective parameter µ eff is taken as small as possible for fine-tuning reasons, and is varied in the range 100 GeV ≤ µ eff ≤ 200 GeV .
To keep λ and κ in the perturbative regime up to the GUT scale we choose 0 ≤ λ, κ ≤ 0.7 with
The charged Higgs boson mass (which replaced the original parameter A λ ) is varied in a range respecting the experimental exclusion limits [47] ,
Finally, the tree-level mass of the lightest pseudoscalar Higgs boson, m a 1 , is chosen in the interval
The variation of m a 1 instead of A κ allows a better control over the mass of the singlet-like CP-odd Higgs boson, which can be A 1 or A 2 depending on the parameter set. Among the points that have been generated in the above parameter space, we selected only those which satisfy the following constraints arising from the LHC discovery of a SM-like Higgs boson [1, 2] and from the exclusion limits reported by LEP, Tevatron and LHC:
1.) One of the scalar Higgs bosons H 1 or H 2 , denoted by h in the following, is demanded to have a loop-corrected mass in the range
2.) We check our parameter points for compatibility with the experimental best fit values to the signal strengths [48, 49] . For this we define the quantity,
which measures the rate of an NMSSM Higgs boson h with mass near 125 GeV, produced in gluon fusion and decaying into the final state X, compared to the corresponding value of the SM Higgs boson H SM with same mass as h. Here, BR(H → XX) denotes the branching ratio of the decay of the Higgs boson H (H = H SM , h) into the final state XX and σ is the production cross section via gluon fusion. Since for a SM-like Higgs boson the main production mechanism is given by gluon fusion, it is sufficient to restrict ourselves to gluon fusion in the production. The SUSY and NMSSM Higgs boson particle spectrum has been calculated with our own Fortran code, which also calculates the loop-corrected Higgs boson masses that are needed e.g. for the external particles in the calculation of the Higgs-to-Higgs decays, cf. section 3. The branching ratios and partial widths are evaluated with a Fortran code which we have written ourselves by modifying the program HDECAY [50, 51] to the case of NMSSM Higgs bosons. We thus include the most important higher order QCD corrections in the decay widths. 1 We use the ratio of the partial decay width of h into gluons with respect to the one of the SM Higgs boson in order to approximate R σ (h) in Eq. (57).
In the NMSSM, there can be scenarios where two Higgs bosons are close in mass so that the signal is not built up by a single Higgs boson but by a superposition of the rates of neighbouring Higgs bosons, which depends of course on the experimental resolution in the respective final state. In order to compare with the experimentally measured signal strengths µ XX in the various final states, we introduce the reduced cross sections µ XX which are built up by the superposition of the rates from an NMSSM h boson near 125 GeV and other NMSSM Higgs bosons Φ = H i , A l (i = 1, 2, 3, l = 1, 2) close in mass. It is given by
By δ we denote the mass resolution in the respective final state XX. The superposition with the non-h Higgs bosons is weighted with a Gaussian weighting function
The parameter d XX , which influences the width of the weighting function, takes into account the experimental resolution of the different channels. 2
In order to comply with the recent Higgs search results of the best fits to the signal strengths in the γγ and massive gauge boson W W , ZZ final states, we only keep parameter points which lead to a Higgs mass spectrum with the following conditions:
Conditions on the parameter scan:
At least one CP-even Higgs boson h with:
GeV the reduced cross sections for γγ must fulfill:
µ γγ (h) ≥ 0.8 the reduced cross sections for ZZ, W W must fulfill: 0.8
For the rates in the bb and ττ final states, we do not apply any restriction since these channels suffer from large uncertainties up to date.
3.) We use HiggsBounds-3.8.1 [55] to verify that the Higgs mass spectrum resulting from the respective chosen parameter set is allowed by the published exclusion bounds from the Higgs searches at LEP, Tevatron and LHC. 3 Otherwise the parameter set is rejected.
If not stated otherwise, in the following numerical analysis we keep only those parameter sets of our parameter scan which fulfill the restrictions 1.)-3.). Furthermore, we call the NMSSM Higgs boson, which fulfills the conditions Eq. (56) and Eq. (59), i.e. which has a mass value around 125 GeV and rates compatible with the LHC searches in the gauge boson final states, SM-like and denote it by h. Note, however, that calling a Higgs boson SM-like according to these definitions does not necessarily imply that it has SM-like couplings. It is only the reduced signal strengths which we demand to be SM-like.
Effective trilinear Higgs couplings
Before we investigate the effect of the one-loop corrected trilinear Higgs boson self-couplings on Higgs boson phenomenology, namely on Higgs-to-Higgs decays and Higgs boson pair production, we discuss in this subsection the effective trilinear Higgs couplings, that are defined in the following.
In the SM, the trilinear Higgs coupling at tree-level is given by
where M H is the physical SM Higgs boson mass and v = 246 GeV is the vacuum expectation value. In the NMSSM we have
We define the one-loop corrected effective trilinear SM Higgs coupling as the one which includes the one-loop contributions evaluated at zero external momenta. The calculation is performed by applying the on-shell renormalisation scheme for e, M Z , M W , M H and the tadpole as well as for the Higgs field. For Higgs boson masses below 160 GeV, the effective trilinear Higgs coupling can be approximated by The one-loop corrected effective trilinear Higgs self-couplings of the NMSSM are defined in the same way as the SM one. This means that the expressions Eq. (39)-Eq. (41), which are nothing else but the one-loop corrected Higgs boson self-couplings, have to be evaluated at zero external momenta, and the wave function renormalisation matrix, Z S/P , has to be replaced by the rotation matrix Z S/P (p 2 = 0) of the loop-corrected renormalised CP-even/odd Higgs boson mass matrices evaluated at zero external momentum,M 2 S/P (0). The latter have been defined in Eq. (17)/Eq. (18). On the other hand, the tree-level effective trilinear Higgs couplings of the NMSSM are the tree-level couplings dressed by the loop-corrected rotation matrices at zero external momentum Z S/P (0). In the same way we have applied the loop-corrected rotation matrices Z S/P (0) in the couplings of the Higgs bosons to the remaining SM particles and implemented these in our modified version of the program HDECAY, which we use to calculate the branching ratios of the NMSSM Higgs bosons. With these definitions the effective couplings are real. If not stated otherwise we will use them in the following in particular in the computation of the Higgs pair production processes.
We first discuss the SM limit. In the framework of the MSSM, it has been shown in [60, 61 ] that both the tree-level and the loop-corrected Higgs self-couplings (the trilinear and the quartic one) of the lightest MSSM Higgs boson converge to the corresponding SM ones in the decoupling limit, i.e. M H ± ≫ M Z . This feature is not shared by the NMSSM, also not at tree level, due to the mixing with the singlet component. Figure 3 shows the difference between the effective trilinear Higgs self-coupling of the lightest NMSSM Higgs boson H 1 and the one of the SM Higgs boson. The difference is evaluated for the tree-level couplings normalised to the tree-level SM effective coupling as well as for the one-loop couplings normalised to the one-loop SM effective coupling.
The normalised deviation is shown as a function of the singlet admixture, which is given by the rotation matrix element R S 13 . We have chosen a scenario where the lightest NMSSM Higgs boson H 1 is SM-like according to our definition at the end of Subsection 4.1. This means that it has a mass of about 125 GeV and that the signal strengths in the gauge boson final states are SM-like. Note, however, that this does not imply that H 1 has SM-like couplings, in particular not for large singlet admixtures. The criteria on the reduced signal strengths are in this case fulfilled only due to the superposition with a second CP-even Higgs boson which is close in mass and which has SM-like couplings. In order to get different values for the mixing we have varied the trilinear soft SUSY breaking coupling A t of the stop sector, while taking care to keep H 1 at 125 GeV and to fulfill the constraints on the reduced signal strengths. As can be inferred from the figure, |∆λ eff /λ eff SM | increases with the mixing, both at tree-level and at one-loop level. It can become as large as 1.4 at loop level, and as large as 1.75 at tree-level, provided that H 1 is rather singlet-like. 4 In the limit of zero singlet admixture, H 1 ≡ h becomes effectively MSSM-like, and with the chosen large charged Higgs boson mass of M H ± = 990 GeV we are in the SM-limit. In this SM-limit, the NMSSM trilinear Higgs self-coupling coincides with the SM effective self-coupling, as expected. 2 , both for tree-level and one-loop corrected self-couplings. In this figure A t is varied such that H 1 is kept SM-like according to our definitions in subsection 4.1. The remaining parameters have been chosen as given in Eqs. (44)- (47) . The DR renormalised parameters are taken at the renormalisation scale, µ R = M SUSY = 700 GeV.
The one-loop corrected NMSSM effective trilinear Higgs couplings receive significant contributions from the diagrams with (s)top quarks in the loops. 5 There can be, however, extremely large contributions from the triangle diagrams with light singlet-like bosons in the loop. In case H 2 is the Higgs boson with mass around 125 GeV, A 1 and H 1 have to be singlet-like in order to avoid the exclusion limits on light Higgs boson masses. The analytic expressions for the one-loop contribution 4 In fact, with rising singlet admixture the CP-even Higgs bosons H1 and H2, which are close in mass, interchange their roles. For large singlet admixtures, the deviation from the SM value of the trilinear Higgs self-coupling at large masses M H ± is hence only an artefact of H1 losing its role as Higgs boson with SM-like couplings. 5 For small values of tan β. δλ A 1 and δλ H 1 of A 1 , respectively H 1 , running in the loop, can be cast into the form (i = 1, 2, 3) (44)- (47), and the renormalisation scale has been set µ R = M SUSY = 700 GeV.
become small while the trilinear couplings remain non vanishing. We show examples of such large contributions to λ eff NMSSM for H 1 having a mass around 125 GeV in Fig. 4 (left) and for a 125 GeV H 2 in Fig. 4 (right) . In these figures we use again the quantity ∆λ eff /λ eff SM to characterise the differences between the effective tree-level and one-loop corrected NMSSM couplings and the corresponding SM ones. In Fig. 4 (left) large contributions only arise from a light singlet-like A 1 , as it is the only Higgs boson with mass smaller than H 1 . Figure 4 (right) shows the case of H 2 having a mass near 125 GeV, so that large contributions can arise both from a very light A 1 and H 1 . As can be inferred from the figures, while the tree-level couplings are small, the loop corrections become extremely large for light singlet masses. (The drop of the tree-level coupling in Fig. 4 (left) is due to a cancellation between the various terms entering the coupling. The kink in Fig. 4 (right) is due to a sign change in ∆λ eff .) We note, however, that the existence of these huge contributions is not compatible with the constraints in subsection 4.1, Eq. (59), on the 125 GeV Higgs boson. The reason is the following. When the tree-level mass m a 1 (m h 1 ) is very small, its loop-corrected mass is still small enough for the decay
(The upper scales of Figs. 4 show, respectively, the loop-corrected masses M A 1 and M H 1 .) These decays turn out to be important so that the branching ratios of the decays into γγ, W W and ZZ become very much suppressed and the decay rates in these final states are not compatible any more with the best fit values to these final state signal strengths given by the experiment. A discussion on non-decoupling effects of the one-loop trilinear couplings can also be found in [62] , without, however, taking into account the possibility of large singlet contributions.
Results for Higgs boson decays
In this subsection we show the effect of the one-loop corrected trilinear Higgs self-couplings on the branching ratios of heavy Higgs bosons into a pair of lighter Higgs bosons. These decays play a role in the search for the heavy Higgs bosons, which can possibly be detected at the LHC via their decay into a pair of lighter Higgs bosons, which then subsequently decay further into SM particles. Figure 5 shows the branching ratios of the decay of a heavy CP-even Higgs boson, H 2 or H 3 depending on the scenario, into two SM-like Higgs bosons including loop-corrected trilinear Higgs self-couplings, as defined in Eq. (39), versus the branching ratio evaluated with tree-level trilinear couplings (cf. Eq. (39) without the 1-point irreducible contributions). The three different cases refer to scenarios with the SM-like Higgs boson being H 1 , h ≡ H 1 (case 1), with H 2 being SM-like, h ≡ H 2 (case 2), and with two light Higgs bosons H 1 and H 2 both having mass around 125 GeV and the combined Higgs rates being compatible with the SM rates (case 3). As can be inferred from the figure, which only includes scenarios compatible with our constraints, the loop-corrected trilinear Higgs coupling has the tendency to decrease the branching ratio compared to the tree-level result. The deviations can be as large as 90% in terms of the tree-level branching ratio, in some cases even higher. Also shown by black filled stars are two scenarios, where the SM-like Higgs boson is given by H 2 . The corresponding tree-level and loop corrected branching ratios amount to
These two scenarios scen1 and scen2 have the characteristic feature of being excluded if loop corrections are not taken into account. In scen1 the tree-level branching ratio of the SM-like H 2 decay into H 1 H 1 is as large as 0.02. This decreases the branching ratios into the other SM particles so that the scenario would be excluded because the reduced signal strength in the W W final state drops below 0.8 and the constraints Eq. (59) are not fulfilled any more. Only the inclusion of the loop corrections decreases the branching ratio into H 1 H 1 to 2 · 10 −4 so that the scenario meets the constraints Eq. (59) . In scen2 it is the branching ratio of the decay H 2 → A 1 A 1 which is as large as 0.26 at tree-level compared to 0.1 after the inclusion of loop corrections, so that the scenario is not valid at tree-level due to too small reduced signal strengths in the W W and ZZ final states, unless loop corrections are included. These examples demonstrate the importance of including the higher order corrections in order to properly interpret the NMSSM spectrum with respect to the experimental findings. values of the decay A 2 → A 1 H 2 in scen1 and scen2, respectively. In this decay the deviations between the tree-level and loop-corrected branching ratios are small, less than 0.1 for both scenarios. Figure 7 shows the branching ratio of the SM-like H 2 decay into H 1 H 1 as a function of tan β (left) and of λ (right), evaluated at tree-level and at loop level. All the box points are allowed points, while the red star points do not fulfill our constraints. The figure shows that there are scenarios that would be excluded at tree-level, but are allowed once loop corrections are taken into account, which suppress the non-SM decays into Higgs boson pairs, so that the branching ratios into the SM particles remain compatible with the experimental constraints. The point of scen1 in Fig. 5 corresponds to tan β = 3.37 in Fig. 7 (left) and to λ = 0.46 in Fig. 7 (right) . The plots illustrate once more the importance of loop corrections when considering a specific model in light of the experimental results. As can be inferred from the figure, the loop corrections not only change the absolute value of the branching ratio but also shift the minimum to different λ values. The corresponding plots for a variation of the other parameters κ, A κ , µ eff or M H ± show a similar behaviour.
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Pair production of neutral Higgs bosons at the LHC
We apply the results of our calculation of the loop-corrected Higgs boson self-couplings to the pair production of neutral Higgs bosons at the LHC in order to study the effects of the higher order corrections. Higgs pair production processes are important as they give access to the trilinear Higgs self-couplings. The measurement of the trilinear and quartic Higgs self-interactions allows for the reconstruction of the Higgs potential which represents the ultimate check in the program of the experimental verification of the Higgs mechanism [5, 6] . The main contribution to Higgs pair production at the LHC comes from gg fusion [63] [64] [65] . Higgs pair production processes through vector boson fusion [66] , double Higgs-strahlung [67] and associated production of a Higgs boson pair with tt [68] are less important [8] so that we focus here on the gluon fusion channel, namely the production of a pair of SM-like Higgs bosons in the framework of the NMSSM.
SM-like Higgs boson pair production through gg fusion
At leading order, the gluon fusion process into two SM-like Higgs bosons H i ≡ h (i = 1, 2 depending on the chosen parameter set),
consists of triangle, box and two-point contributions mediated by top and bottom (s)quarks, cf. Fig. 8 . The diagrams are similar to the MSSM case [64, 65] , except for the ones involving a scalar Higgs boson in the s-channel, which gets contributions from all possible three neutral NMSSM Higgs bosons, that subsequently split via the corresponding trilinear Higgs coupling into the final state Higgs pair. Thus the hh production involves the trilinear Higgs self-couplings λ hhh and λ hhH k =h (k = 1, 2, 3 = i). The NLO QCD corrections have been calculated both for the SM and the MSSM case in the limit of heavy loop particle masses. The corrections are large, of O(100%) [65] , and therefore have to be taken into account for a realistic assessment of the process. We use the public Fortran code HPAIR [69] which computes the QCD corrected gluon fusion processes into pairs of Higgs bosons within the SM and the MSSM, by applying the low-energy theorem. As claimed in [65] , this approximation is good for small values of tan β in the MSSM and for Higgs boson masses below 2M t . 6 This is the case for the here considered pair production of a SM-like NMSSM Higgs boson, hence with mass of about 125 GeV. Furthermore, in the NMSSM small tan β values are preferred in this case. We have modified the code HPAIR to include the additional contributions to the triangle diagrams from the enlarged Higgs sector of the NMSSM and by replacing the involved Higgs Yukawa and trilinear Higgs couplings with the appropriate NMSSM Higgs couplings as discussed in subsection 4.2.
In the following, we present results for the pair production of two H 1 ≡ h SM-like Higgs bosons, gg → hh. The scan performed in the NMSSM parameter space resulted in numerous scenarios, where the heavier scalar Higgs bosons can decay into two on-shell Higgs bosons hh, leading to resonantly enhanced contributions to the total pair production cross section. The program HPAIR computes the resonantly enhanced diagrams together with the remaining diagrams up to NLO QCD by making use of Breit-Wigner propagators for the intermediate Higgs bosons. Alternatively, the non-resonant contributions can be calculated by HPAIR at NLO QCD while the resonant ones are obtained by multiplying the cross section of a singly produced heavy Higgs boson with its branching ratio into hh. For comparison, we have also calculated the cross section in this approach, which of course neglects off-shell effects and interference terms between non-resonant and resonant contributions. The cross section for single Higgs production is obtained with the Fortran code HIGLU [71] and is calculated at NLO QCD to match the same order in α s as in Higgs pair production. 7 In HIGLU the Higgs Yukawa couplings have been replaced by the corresponding couplings of the produced NMSSM Higgs boson. The non-resonant and resonant contributions are then summed up to get the total cross section. We have compared the results obtained within the two approaches, and the difference has been found to be less than 10% for our scenarios. Note, that the theoretical uncertainty on the NLO QCD double Higgs production cross section due to unknown higher order corrections [65] is larger than for single Higgs production at NLO QCD [75] . All results presented hereafter have been obtained with HPAIR. We emphasize that, if not stated otherwise, in our calculation we have included the loop-corrected effective trilinear Higgs couplings, presented in subsection 4.2, and the involved Higgs bosons both in the final state and in the s-channel exchange are the loop-corrected Higgs states. All involved loop quantities are taken at zero external momentum.
The hadronic cross sections for SM-like Higgs boson pair production have been computed with MSTW 2008 NLO parton distribution functions (PDF) [76] . The factorization scale has been taken equal to the renormalisation scale and set equal to the invariant mass of the produced Higgs boson pair. In the code HPAIR top and bottom quark pole masses are used as default inputs.
Results for Higgs boson pair production
In Table 1 we show five sample scenarios compatible with the constraints according to Eq. (59) , where H 1 is SM-like (points 1,2), H 2 is SM-like (points 4, 5) , and where H 1 and H 2 are close in mass with H 2 being near 125 GeV (point 3). In all scenarios the H 3 mass is large enough to allow for resonantly enhanced h pair production from the decay of H 3 → hh, which can lead to a significant increase of the Higgs pair production cross section depending on the trilinear Higgs self-coupling λ H 3 hh . Table 2 contains the cross sections including NLO QCD corrections for the production of a pair of SM-like Higgs bosons h in the five scenarios. Here σ T denotes the cross sections calculated using the effective tree-level trilinear Higgs couplings λ eff NMSSM (tree), while the cross section values σ L use the effective loop-corrected trilinear Higgs self-couplings λ eff NMSSM (loop). The Higgs boson masses are taken at loop level in both cases. The quantity δ is the difference between the two cross sections in terms of σ T , The cross section values vary significantly in the various scenarios. As can be inferred from the table, the differences in the cross sections due to the inclusion of loop corrections in the trilinear Higgs self-couplings can be substantial, ranging from nearly 40% to almost 90% in terms of the tree-level cross section for the chosen scenarios. In Fig. 9 (left) we show the gluon fusion production cross section of a pair of SM-like Higgs bosons h calculated with the effective loop-corrected trilinear Higgs couplings, as a function of the ratio λ eff NMSSM (loop)/λ eff SM (loop). Note that in the ratio λ NMSSM refers to the trilinear Higgs selfcoupling of the SM-like Higgs boson h. In the case 3 of two Higgs bosons nearby 125 GeV, the name SM-like Higgs boson refers to the Higgs boson with the most SM-like Higgs Yukawa coupling to top quarks, as this coupling determines the dominant Higgs production cross section through gluon fusion and has the major impact on the Higgs production rate. The c.m. energy has been taken to be 14 TeV. Shown are cross sections for scenarios with H 1 ≡ h (case 1), with H 2 ≡ h (case2) or with two Higgs bosons with mass around 125 GeV building up the Higgs signal (case 3). The two black stars refer to scen1 and scen2 defined in section 4.3. Also plotted as a horizontal line is the SM cross section evaluated with λ eff SM (loop). The cross section amounts to 35 fb compared to 34 fb evaluated with the tree-level coupling [8] . Furthermore, we plot as horizontal lines the results for the SM cross section in case of a variation of the effective loop-corrected trilinear coupling in terms of λ eff SM (loop) by a factor 2 and by a factor -1 and in case of λ eff SM (loop) = 0. They show the sensitivity of the SM cross section to the trilinear Higgs self-coupling. In other words, they give an idea of how precisely the cross section has to be measured to achieve a certain accuracy in the trilinear SM Higgs selfcoupling extracted from it. Many of the NMSSM cross section values lie nearby the SM result, independently of the ratio between the NMSSM and SM effective loop-corrected trilinear couplings, thus mimicking the SM case. However, there are also parameter points where the NMSSM and SM cross section differ significantly, so that a distinction of the two models would be possible. Loop corrections play here a crucial role: In Fig. 9 (right) we show for the cases 1-3 the SM-like Higgs has to be clarified if it is the Higgs boson of the SM or of some extensions beyond the SM. Among these, supersymmetric theories represent one of the most intensely studied model classes. The Higgs sector of the NMSSM consists of seven Higgs bosons entailing a rich phenomenology with possible Higgs-to-Higgs decays and resonantly enhanced double Higgs production cross sections due to heavier Higgs bosons decaying into a pair of light Higgs particles.
In order to properly interpret the experimental data and distinguish between different models the precise prediction of the Higgs parameters such as masses and couplings, including higher order corrections, is indispensable. The Higgs boson masses and Higgs self-couplings are related to each other via the Higgs potential. The prediction of loop-corrected Higgs boson masses necessitates also the inclusion of loop corrections to the Higgs self-couplings for a consistent analysis of the Higgs data. Having calculated in previous works the one-loop corrected NMSSM Higgs boson masses, in this contribution we extend our program of the calculation of loop-corrected NMSSM Higgs parameters to the computation of loop-corrected trilinear Higgs self-couplings.
The inclusion of loop corrections turns out to be important. We found for example that non-SM Higgs decays of the 125 GeV NMSSM Higgs boson into a pair of lighter Higgs bosons could be large enough to decrease the signal strengths into SM particle final states so that they are not compatible any more with the experimental results. The inclusion of loop corrections to the trilinear couplings can, however, reduce these rates to a level where the theoretical predictions are in accordance with the experimental findings. In principle this could also work the other way around, i.e. a scenario could be allowed if the tree-level trilinear Higgs couplings are used, but excluded in case of loopcorrected couplings. Trilinear Higgs self-couplings of course also play a role in the decays of heavier non-SM-like Higgs bosons into light Higgs pairs and their possible detection via these decays.
Trilinear Higgs self-couplings enter the production of Higgs boson pairs, so that they can be extracted from the measurement of these processes. Once the (trilinear and quartic) Higgs selfcouplings are known, the Higgs potential can be reconstructed to perform the ultimate step in the experimental verification of the Higgs mechanism. We found that the inclusion of loop corrections to the trilinear Higgs self-couplings can alter the Higgs pair production cross sections through gluon fusion substantially. In many of the scenarios passing the constraints, the production cross section of a pair of SM-like Higgs bosons with mass of 125 GeV can be different enough to distinguish it from SM Higgs boson pair production. This depends of course also on the experimental accuracy which can be reached in these processes and which relies on analyses to be performed at the highenergy and high-luminosity run of the LHC.
In summary, the computation of loop corrections to Higgs boson self-couplings and their inclusion in the analyses of the experimental results is crucial, in particular for the proper interpretation of the Higgs data with respect to the exclusion or non-exclusion of NMSSM parameter scenarios and/or with respect to the correct interpretation of Higgs pair production processes.
A Tree-level trilinear Higgs couplings
In this appendix we present the trilinear Higgs self-couplings of the interaction eigenstates of the NMSSM Higgs sector. The tree-level trilinear couplings of the scalar mass eigenstates h i (i = 1, 2, 3) are obtained by applying the tree-level rotation matrices R S , Eq. (10), on the three interaction eigenstates,
The indices i ′ , j ′ , k ′ refer to the interaction eigenstates, and we have the following correspondences 1 = h d , 2 = h u , 3 = h s . The couplings λ hhh i ′ j ′ k ′ are symmetric in the three indices. Using the short-hand notations c β ≡ cos β, s β ≡ sin β, t β ≡ tan β, we have 
